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Chapter

Trigonometry: Last Stop Before
Calculus

I'naBa

Tpuronomerpus: Ilocaeansis
OCTAaHOBKA IepeJ MareMaTH4eCKUM
aHAJIM30M
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Trigonometry, the study of triangles,
has been around for a long time,
creeping mysteriously from shadow to
shadow and occasionally snatching
unwary students into its razor-sharp
clutches and causing the end of their
mathematics careers. Few things cause
people to panic like trig does, with the
exception of TV weatherman Al Roker.

Tpuronometpusi, HayKa O
TPEYroJIbHUKaX, CYIIIECTBYET yiKe
JTaBHO, TAMHCTBEHHBIM 00pa3omM
Mepenos3as U3 TeHU B TeHb U BpEMS OT
BPEMEHU 3aXBaThIBasi HEOCTOPOKHBIX
CTYJICHTOB B CBOU OCTphIC, Kak OpUTBa,
Janbl ¥ TPUBOJAS K KOHITY UX Kapbepbl
MaTeMaTUKOB. MaJio YTO BBI3BIBAET Y
JIOJIEW TaKyr0 MaHHUKY, KaKk
TPUTOHOMETPHSI, 32 UCKIIOUYEHUEM
TEJIEBU3MOHHOTO CHHONITHKA Ja
Poxkepa.

It is a commonly held belief that
children on All Hallow's Eve
historically have marched from door to
door, sacks in hand, chiming, "Trig or
Treat!" In response, homeowners would
reward them with small protractors and
compasses to avoid the wrath of
neighborhood pranksters. If all the
children went away happily, it was a
good "sine" for harvest. However, this
myth is definitely untrue, and I have
gone off on a tangent.

[[Inpoko pacrpocTpaHEHO MHEHHUE, YTO
JeTH B KaHyH JIHS BCEX CBSITBIX
HUCTOPUYECKH MAPIIUPOBATIN OT ABEPH K
JIBEpHU C MEIIKaMH B PyKax,
BBIKpUKHUBAs: ""TpUrOHOMETPHS WIIH
yromieHue!" B oTBET JoMOBIaASIIbITbI
HarpakJIajid uX MaJICHbKUMH
TPAHCIIOPTUPAMHU U MIUPKYJISIMH, YTOOBI
n30eKaTh THEBA COCEACKHUX ITyTHUKOB.
Ecnu Bce neTy yXOoauiau CYacTIUBBIMU,
ATO OBLIO XOPOIIUM «CUHYCOMY JIJIS
cbopa ypoxas. OgHako 3TOT MUD
ONPEICTICHHO HE COOTBETCTBYET
JNEUCTBUTEIILHOCTHU, U 51 OTKJIOHUJICS] OT
TaHT€HCa.




Getting Repetitive: Periodic
Functions

There are six major trigonometric
functions, at least three of which you
have probably heard: sine, cosine, and
tangent. All of the trigonometric
functions (even those that are offended
because you haven't heard of them) are
periodic functions. A periodic function
has the unique characteristic that it
repeats itself after some fixed period of
time. Think of the rising of the sun as a
periodic function — every 24 hours (a
fixed amount of time) the sun appears
on the horizon.

The amount of horizontal space it takes
until the function repeats itself is called
the period. For the most basic
trigonometric functions (sine and
cosine), the period is 2x. Look at the
graph in Figure 4.1 of one period of y =
Sinx.

Figure 4.1
One period of y = sinx.

Cra”HoBUTCS NOBTOPHIOIIMMCH
IHepunoanuyeckne GyHKUMH

CylecTByeT IEeCTh OCHOBHBIX
TPUTOHOMETPUUYECKUX QYHKIUH, 1O
KpaiiHen Mepe, TPU U3 KOTOPBIX BbI,
BEPOSITHO, CJIBIIIAIN: CHHYC, KOCUHYC U
tTaHreHc. Bce Tpuronomerpuueckue
byHKIMY (1axe Te, KOTOpbIe
OCKOPOJIEHBI TEM, UYTO BbI O HUX HE
CJIBIIIAJIN) SIBJITFOTCS TIEPUOUUECKUMU
bynkuusamu. Ilepuoouueckasn ynkyus
o0yrajaeT yHUKaIbHOM
XapaKTepUCTUKOMN, 3aKITI0YAIOUIEHCS B
TOM, YTO OHA MOBTOPSAETCS Yepe3
HEKOTOPBIN (PUKCUPOBAHHBIN
IPOMEXYTOK BpeMeHu. [ymaiite o
BOCXOJI€ COJIHIIA KaK O MEePUOIUYECKON
byHKIIMK — Kaxble 24 yaca
(puKkcCUpOBaHHBIN TPOMEKYTOK
BPEMEHU) COJIHIIE TOSBIISIETCS Ha
TOpPU30HTE.

KonnyecTBo ropu30HTaIBHOTO
MIPOCTPAHCTBA, KOTOPOE TpeOyeTCs 110
TeX TOop, MoKa GyHKIHS HE
MTOBTOPHUTCS, HA3BIBACTCS NePUOOOM.
JIJ1s1 caMbIX OCHOBHBIX
TPUTOHOMETPUUECKUX (DYHKIUH (CHHYC
1 KOCHUHYC) IIEpHUO/I PaBEH 2T.
[TocmoTpuTe Ha rpaduk Ha pucyHke 4.1
OJIHOTO mepuoja Yy = Sinx.

Pucynok 4.1
OnuH niepuox y = Sinx.




Talk the Talk

A periodic function’s values repeat
over and over, at the same rate and at
the same intervals in time. The length
of the horizontal interval after which
the function repeats is called the
period.

The graph of the sine function is a
wave, reaching a maximum height of 1
and a minimum height of -1. On the
piece of the graph shown above, the
maximum height is reached at x = -371/2
and x = /2. The distance between these
two points, where the graph repeats its
value, is 2z. If that doesn't help you
understand what is meant by period,
consider the darkened portion of the
graph.

This piece begins at the origin (0,0) and
wiggles up and down, returning to a
height of 0 when x = 2. True, the
graph hits a height of 0, repeating its
value, when x = =, but it hasn't
completed its period yet — that is only
finished at x = 2m.

IToroBopum 0 riiaBHOM

3HauYCHUS MePUOAUYECKON (PYHKIUMN
MIOBTOPSIIOTCSI CHOBA U CHOBA, C
OJIMHAKOBOW CKOPOCTBIO U YEPE3 OJHU
U T€ K€ NPOMEXKYTKHU BpeMeHU. [[nuHa
TOPU30HTAIIBHOIO MHTEPBAJIA, ITOCTIE
KOTOPOro (hyHKIIUS TOBTOPSETCS,
Ha3bIBAETCS MEPHOIOM.

['paduk cunyconnanbHol QyHKIIUU
peACTaBiIsieT COOO0M BOJIHY,
JIOCTUTAIOITYI0 MAKCUMAJIBHOU BBICOTHI
B TOuke 1 1 MUHMMAaJIbHOW BHICOTHI B
touke -1. Ha ¢parmenre rpaduxka,
MMOKa3aHHOM BBIIIIC, MAKCUMAaJIbHAS
BBICOTA JOCTHraeTCs mpH X = -31/2 u X
= /2. Paccrosinue MeXIy STUMU ABYMS
TOYKaMH, rJe rpadK MOBTOPSET CBOE
3Ha4YeHue, paBHO 21. Eciu 1o HE
ITIOMOYKET BaM IOHSATh, UTO
MOApa3yMeBaeTCsl MO/ TIEPHOJIOM,
PacCMOTPHUTE 3aTEMHEHHYIO YacTh
rpaduka

DTOT (hparMEeHT HAYMHACTCS B HaJaJIle
xoopauHat (0,0) u mepememniaercs
BBEPX M BHU3, BO3BPAIAsACh K BHICOTE B
touke 0, korma X = 2x. [IpaBaa, rpaduk
nocturaeT BoICOTHI 0, MOBTOPSIS CBOE
3HAYCHHUE, KOT/Ia X = 7, HO OH €II¢ He
3aBEPUIMJII CBOM MEPUOJ — OH
3aKaHYMBAETCS TOJIBKO MPHU X = 27T




If you were to extend the graph of the
sine function infinitely right and left, it
would continue infinitely, redrawing
itself every 2zt. Because of this property
of periodic functions, you can list an
infinite number of inputs that have
identical sine values. These are called
coterminal angles, and the next
example focuses on them.

Ecnu 651 BBl pacuiupuin rpadux
CUHYCOUAANBHOUN (QYHKIIUU
OCCKOHEYHO BIIPABO M BJIIEBO, OH
POAO0JDKAJICS ObI OECKOHEYHO,
nepepucoBbIBas ceds kKaxpie 2n. M3-3a
3TOI'0 CBOMCTBA IEPUOIUIECKUX
(GYHKIIUN BB MOYKETE MEPEUHCIIUTD
OECKOHEYHOE YHMCJIO BBOJAHBIX JAHHBIX,
KOTOPBIC UMEIOT UACHTUYHBIC 3HAUCHUS
cunyca. OHU Ha3bIBAIOTCS
KOMEPMUHATIbHLIMU VeTlAMU, U
CHEAYIOIINHN TpUMEP MOCBSIICH UM.

Talk the Talk

Coterminal angles have the same
function value, because the space

between them is a multiple of the

function's period

Example 1: List two additional angles
(one positive and one negative) that
have the same sine value as /4.
Solution: We know that sine repeats
itself every 2z, so exactly 2= further up
and down the x-axis from =n/4, the value
will be the same. To find these values,
simply add 2= to /4 in order to get one
and subtract 2z from n/4 to get the
other. In order to add and subtract the
values, you'll have to get common
denominators:

IToroBopum 0 riiaBHOM

KorepMuHaibHbIe yIiibl UMEIOT
OJINHAKOBOE 3HaUYC€HHUE (PYHKIUH,
MOCKOJIbKY PAaCCTOSIHUE MEXAY HUMU
KpaTHO nepuoay QyHKIIHH.

IIpumep 1: [lepeuncnure aBa
JIOTIOTHUTEIIBHBIX yTJIa (OIuH
MIOJIOKUTENBHBIN U OJUH
OTPHIATEIIbHBIN ), KOTOPHIE UMEIOT TO
’Ke 3HaUCHHE CHHYCAa, U4TO U T/4.
Pemenne: MbI 3HaeM, 4TO CUHYC
IIOBTOPSCTCS Ka)KJbIe 27T, ITIOATOMY
POBHO Ha 27 JajibIlie BBEPX U BHU3 110
ocH X ot /4 3nayeHune Oymer
OJIMHAKOBBIM. UTOOBI HAWTH DTH
3HA4YEHUs, MPOCTO H00aBbTE 27 K /4,
YTOOBI OJIYYUTH OJHO, U BEIUTUTE 27
u3 1/4, 9TOOBI OIYYUTE JPYroe.
YTOOKI CJIOKHUTH M BEIYECTH 3HAUCHUS,
BaM HYXHO OyJ€T MOJIYy4YHUTh 00II1e
3HaMCHATEIN .




T T 8t 9:n
—+ 2N =—4 —=

4 4 4 4
7T T 8n k11
— 2= — - —— = -
4 4 4 4

Therefore, the angles and 9n/4 and -
7n/4 are coterminal to n/4 and sin9n/4 =
sin(-7n/4)= sinm/4.

Introducing the Trigonometric
Functions

Time to meet the cast. There are six
players in the drama we call
trigonometry. You'll see a graph of
each and learn a little something about
the function. Whereas it's not extremely
important to memorize the graphs of
these functions, it's good to see how the
graphs illustrate the functions'
properties. So, here they are, in roughly
the order of importance to you in your
quest for calculus.

T T 8t 9:m
—+ 2 =—+—=

4 4 4
7T T 8rn k11
— 2= —-— = -
4 4 4 4

CnenoBarensHo, yribsl U 9n/4 u -7n/4
SBIIIIOTCS KOTEPMHMHAIBHBIMU YTJIaMU C

n/4, a sin9n/4 = sin(-7n/4)= sinn/4

3HAKOMCTBO C
TPUTOHOMETPUYECKUMHU (PYHKIUAMU

Bpems mo3HaKOMHTBCS ¢ aKTEPCKHM
cocTtaBoM. B npame, KOTOpYrO MbI
Ha3bIBA€M TPUTOHOMETPHUEH, IIECTh
JIEUCTBYIOIIMX JIUIl. Bel yBUaMTE
rpaduK KaXa0ro U3 HUX U y3HaeTe Koe-
910 00 Kaxxa0i PyHKIUU. XOTS
3aIIOMHHATh rpauky dTUX G YHKITHHA
HE OYEHb BAXKHO, MOJIE3HO TOCMOTPETh,
KaK TpauKu WLTIOCTPUPYIOT CBOHCTBA
dbyukui. Mtak, BOT OHH, IPHUMEPHO B
MOPSJIKE BAXKHOCTH JIJIs1 BaC B BallleM
CTPEMJICHUHU K MaTeMaTUYECKOMY
aHau3y.




Sine (Written as y = sinx)

The sine function is defined for all real
numbers, and this unrestricted domain
makes the function very trustworthy
and versatile (see Figure 4.2). The
range is -1 <y <1, so all sine values
fall within those boundaries. Notice that
the sine function has a value of 0
whenever the input is a multiple of «.
Sometimes, people get confused when
memorizing unit circle values (more on
the unit circle later in this chapter). If
you remember the graph of sine, you
can easily remember that sin0 = sinz =
sin2wt = 0, because that's where the
graph crosses the x-axis. The period of
the sine function is 2.

Figure 4.2 The sine function.
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Cunyc (3anucbIBaeTcsi Kak Yy = Sinx)

QyHKUIKSA CUHYCA ONPEAEIICHA I BCEX
JEeUCTBUTEIILHBIX YHCE, U 3Ta
HEOTpaHUYCHHAs 00JIacTh JIeNIaeT
GYHKIMIO OYEHBb HAJIC)KHOU U
YHHUBEpCaIbHOH (cM. puc. 4.2).
HNutepBan paBed -1 <y <1, noatromy
BCE€ 3HAUYCHUS CHHYCA MOMAJatoT B 3TH
rpanuiel. O6paTuTe BHUMAaHUE, YTO
dbyHKIMS cuHyca uMmeeT 3Hauenue 0
BCSIKUI pa3, KOT/1a BBOJAHBIC TaHHBIC
KpaTHbI . IHOT1a 7TF0/IM Ty TArOTCS PU
3aIIOMUHAHUU 3HAYEHUN €TUHUYHON
OKPYKHOCTH (IMOJIpOOHEe O eAMHUYHON
OKPY>KHOCTH TIO3KE B ITOH TJIaBe).
Ecnu BbI noMHUTE rpaduk CUHYyCa, BbI
MOJKETE JIETKO BCIIOMHHUTB, 4TO SIN0 =
sinzt = Sin2xt = 0, MOTOMY YTO UMECHHO
TaM rpaduk nepecekaet och X. [lepuos
CUHYCOUJATBHOU (PYHKIIUU paBEeH 27

Puc. 4.2 Cunycouoanvras @ynxyus.
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Cosine (Written as y = cosx)

Cosine is the "cofunction” of sine (see
Figure 4.3). (In other words, their
names are the same, except one has a
"co-" prefix, but | bet you figured that
out.) As such, it looks very similar,
possessing the same domain, range, and
period. In fact, if you shift the entire
graph of

y = cos X a total of n/2 radians to the
right, you get the graph of y = sin x!
The cosine has a value of 0 at all the
"half-x's," such as n/2 and 3n/2.

Figure 4.3
The cosine function.

B

Kocunyc (3anucbiBaercst Kak y =
COSX)

Kocunyc - 310 "kodyHKIIHA" CHHYyCa
(cm. puc. 4.3). (Ipyrumu ciioBaMu, UX
Ha3BaHUS OJIMHAKOBEI, 32
UCKIIFOYCHUEM TOT'0, YTO Y OJHOTO €CTh
npedukxc "Ko-", HO, IepKy Mapu, Bbl
sTo nousutn.) Kak TakoBo#, oH
BBEITJISIIMT OYEHb ITOXO0XKHM, 00J1a1as
TEMU Ke 00J1aCThIO ONPEICIICHHS,
UHTEPBAJIOM U IepuogoM. DaKTHUECKH,
CCJIM BbI CIBUHETE BeCh I'paduk Yy = COS
X B 001IEel CI0KHOCTH Ha 7t/2 paguaHa
BIIPABO, BbI Moy4nTe rpaduk y = Sin x!
Kocunyc nmeet 3nauenue 0 Bo Bcex
"[IOJIOBUHKAX T, TAaKUX Kak /2 u 3m/2.

Pucynok 4.3
Dynkyus Kocunyca.
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Critical Point

Throughout this book, I will refer to
and evaluate trigonometric values in
terms of radians, as they are used far
more prevalently than degrees in
calculus. Both degrees and radians are
simply alternate ways to measure
angles, just as Celsius and Fahrenheit
are alternate ways to measure
temperature. To get a rough idea of the
conversion, remember that = radians =
180 degrees. If you want to convert
from radians to degrees, multiply by
180/x. For example, m/2 is equivalent to
n/2 * 180/m = 90 degrees. To convert
from degrees to radians, multiply by
n/180.

BaxHblii MOMEHT

Ha npoTs>keHun BCer 3TOW KHUTH S
Oyay cChlIaThCs Ha
TPUTOHOMETPUYECKHE 3HAUCHUS U
OIICHWBATh X B pauaHaXx, MOCKOIbKY
OHHM HCIIOJIB3YIOTCS B UICUUCIICHUHN
ropasJio yamie, 4em rpaaycol. 1
Tpaxychl, U paiHaHbl — 3TO MPOCTO
IbTEPHATUBHBIE CITIOCOOBI H3MEPEHUS
YIJI0B, TOYHO TaK K€, KaK IPayChl
enbcus n @apenrenta —
JIbTEPHATUBHBIE CITIOCOOBI H3MEPCHUS
TeMIepaTypbl. UTOOBI MOTYYUTH
NPUOTU3UTETLHOE TIPEICTABIICHUE O
npeoOpa3oBaHUU, TOMHHUTE, YTO T
panuad = 180 rpamycam. Eciau Bl
XOTUTE TIEPEBECTH U3 PaJMAHOB B
rpaaycel, yMHOXbTe Ha 180/T.
Hanpuwmep, /2 sxkBuBaneHTHO /2 *
180/m = 90 rpamycoB. UToOkI
TIEPEBECTH TPAAyChl B PaJIMaHBI,
ymHOXbTe Ha 7/180.




Tangent (Written as y = tanx)

The tangent is defined as the quotient of
the previous two functions: tanx =
sinx/cosx. Thus, to evaluate tanmn/4,
you'd actually evaluate sinmt/4/cosm/4.
(which will equal 1 for those of you
who are curious, but more about that
later). Because the cosine appears in the
denominator, the tangent will be
undefined whenever the cosine equals
0, which (according to the last section)
Is at the half-n's (see Figure 4.4). Notice
that the graph of the tangent has vertical
asymptotes at these values. The tangent
equals 0 at each midpoint between the
asymptotes. The domain of the tangent
excludes the "half-x's," {...,-37/2, -n/2,
n/2, 3n/2,...}, but the range is all real
numbers. The period of the tangent is «
— notice that graph completes one
complete version of itself between -m/2
and /2.

Figure 4.4
The tangent function.
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Tanrenc (3anucbiBaeTcd Kak Yy =
tanx)

TanreHc onpenensercs Kak 4aCTHOE OT
JBYX MPEIBIAYIIHX (PyHKIMHA: tanx =
sinx/cosx. Takum o0pa3om, 4TOOBI
onpeaenuTh tann/ 4, BbI Ha CaMOM JiejIe
onpeaenuu 60wl sinmt/4 / cosn/4. (uto
Oynet paBHO 1 1 Tex U3 Bac, KOMY
WHTEPECHO, HO MOJIpoOHEe 00 3TOM
no3xe). [IoCKoIbKy KOCUHYC
TIOSIBJISICTCS. B 3HAMCHATEJIE, TAHTCHC
OyZeT HeOoIpeACIICHHBIM BCIKUH pas,
Korja kocuHyc paBeH 0, KOTOpbIH
(corimacHo mocieaHEMY pa3aciy)
HAXOJUTCS Ha TOJIOBUHE T (CM. PHC.
4.4). OOpatuTe BHUMaHHE, YTO rpaduk
TAHTCHCA UMEET BEPTUKAIbHBIC
ACUMIITOTHI TIPH 3TUX 3HAYCHUSX.
Tanrenc pasen 0 B Kax 101 cpeiHEH
TOYKEe MKy acumnToramu. O0acTh
TaHT'€HCa UCKIII0YaeT "MOJIOBUHHEIC T,
{...,-3n/2, -n/2, n/2, 3n/2,...}, HO
WHTEPBAJl — 3TO BCE JICUCTBUTEIbHbBIC
yucia. [leproa TaHreHca paBeH m —
o0paTuTe BHUMaHUE, 4TO T'padHK
3aBepIIacT OJIHY MOJHYIO BEPCHIO
camoro ce0s Mmexay -m/2 u /2.

Pucynok 4.4
DyHuxyus maueenca.
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Talk the Talk

An asymptote is a line representing an
unattainable value that shapes a graph.
Because the graph cannot achieve the
value, the graph typically bends toward
that line forever and ever, yearning,
reaching, stretching, but unable to reach
it. A vertical asymptote typically
indicates the presence of 0 in the
denominator of a fraction. For example,
the vertical line x =n/2 is a vertical
asymptote of y = tanx because the
tangent has 0 in the denominator
whenever x= /2.

IToroBopum 0 riiaBHOM

AcUMNTOTA — 3TO JIMHUA,
IPEICTABIAIONIAs HETOCTUKIMOE
3Ha4YeHHE, KOTopoe hopMUpYyeT
rpaduk. [TockonbKy rpapuk He MOKET
JIOCTUYb 3HaYCHMUs, TpauK OOBIYHO BCE
BpeMsI U3rubaeTcs K ATOM JIMHUH,
CTPEMSICh, IOCTUTAsI, PACTATUBASICh, HO
OH HE B CWJIaX JIOCTUYb €€.
BeprtukanbHast acuMnrota 00bIYHO
yKa3biBaeT Ha Hanuuue O B
3HaMmeHarene apoou. Hanpumep,
BEPTUKAJIbHAS JTUHHS X = Tt/2 ABJISCTCS
BEPTUKAJIBHOM aCUMITOTOMU Y = tankx,
noTOMY 4uTO TaHTeHC umeet 0 B
3HaMeHaTelle BCSIKUU pa3, Korjaa X =
/2.

Cotangent (Written as y = cotx)

The cofunction of tangent, cotangent, is
the spitting image of tangent, with a
few exceptions (see Figure 4.5). It, too,
is defined by a quotient: cotx =
cosx/sinx. In fact, the cotangent is
technically the reciprocal of the
tangent, so you can also write cotx =
1/tanx. Therefore, this function is
undefined whenever sin x = 0, which
occurs at all the multiples of «: {..., -
2mn,-1,0,m,2m,...}, SO the domain
includes all real numbers except that
set. The range, like that of the tangent,
Is all real numbers, and the period, =,
also matches the tangent's.

KoranreHnc (3anucbiBaeTcsi Kak y =
cotx)

KodyHkius Tanrenca, KOTaHT€HC,
SIBJISICTCSl TOYHOM KOTIMEN TaHTeHca, 3a
HEKOTOPBIMHU UCKIIFOUCHUSIMH (CM. PHC.
4.5). D10 TOXKE OIpeaesIeTCs

K03 duIeHToM: COtX = COSX/SINX.
dakTUYeCKH, KOTAHTeHC TEXHUUECKHU
SIBJISICTCSI OOPATHOM BEIMYMHOMN
TaHI'€HCa, ITOATOMY BbI TAK)KE MOYKETE
3ammcarh COtx = 1/tanx.
CrnenoBarenbHO, 3Ta (PYHKIIUS HE
oIpeeiicHa BCAKUM pa3, Koraa Sin X =
0, 94TO BCTpeUaeTcs MPH BCEX KPATHBIX
n: {..., -2m,-w, O,m, 2m,...}, mosTOMY
00J1acTh OIpeIeICHUS BKIIOYaeT B ceOs
BCE€ JICHCTBUTEIbHBIC YKCIIa, KPOME
ATOTO MHOXXecTBa. IHTepBa, KaKk u
WHTEPBaJl TAHTE€HCA, MPEICTABIISICT
co0oi1 Bce NCUCTBUTEIILHBIC YHCIIA, a
MEpUOJ T TAKXKE COBIMAIAET C
MepHUOJI0M TaHTEHCA.




Figure 4.5
The cotangent function.
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Pucynok 4.5
Dyukyuss Komaneeucad.
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Secant (Written as y = secx)

The secant function is simply the
reciprocal of the cosine, so secx =
1/cosx. Therefore, the graph of the
secant is undefined (has vertical
asymptotes) at the same places (and for
the same reasons) as the tangent, since
they both have the same denominator
(see Figure 4.6). Hence, the two
functions also have the same domain.
Notice that the secant has no x-
intercepts. In fact, it doesn't even come
close to the x-axis, only venturing as far
inas 1 and -1. That's a fascinating
comparison: The cosine has a range of -
1 <y <1, but the secant has a range of y
< -1 together with y > 1— almost the
exact opposite. Because the secant is
based directly on the cosine, the
functions have the same period, 2.

CekaHc (3anucbIBaeTCsl Kak Y = SECX)
CekaHC — 3TO IPOCTO oOpaTHas
BEJIMYMHA KOCHHYCA, TO3TOMY SECX =
1/cosx. CnenoBaTennbHO, rpaduk
CEKaHca He ompejelicH (MMeeT
BEPTHKAJIbHBIC ACUMITOTHI) B TEX XKE
MecTax (M 10 TeM K€ MIPUYHHAM), 9TO 1
TaHTCHC, ITOCKOJIbKY OHH 00a UMEIOT
OJIMHAKOBBIN 3HAMEHATEIb (CM. PHC.
4.6). CiemoBaTeabHO, OTH JBE
(YHKIIUY TaK)Ke UMEIOT OJHY U TY JKE
obnacte onpeneneHus. Obparure
BHHMaHHE, YTO CEKaHC HE UMEET X-OCH.
Ha camowm nene, oH naxe OJIM3KO HE
HOJIXOJIUT K OCH X, 3aX0JIsI TOJIBKO B
Toukax 1 u -1. DTO yBiIeKaTeabHOE
CpaBHEHHUE: KOCUHYC UMEET UHTEPBAII -
1<y <1, Ho cexaHC UMEET UHTEPBaA Y
<-1Bmecte c Y > 1 — nouTu nosHas
IPOTUBOMOJIOKHOCT. [I0CKOIBKY
CEKaHC OCHOBAH HEMOCPECTBEHHO Ha
KOCHHYCE, (YHKITUU UMEIOT
OJIMHAKOBBIN IEPUOJI, 27t




Talk the Talk

The reciprocal of a fraction is the
fraction flipped upside down (for
example, the reciprocal of 7/4 is 4/7).
The word refliprocal helps me
remember what it means.

IToroBopuM 0 r;JIaBHOM

Oo0paTtHas 1poOs — 3TO MEepeBEpPHYTAsS
BBEpPX HOTamMu JApo0b (Hampumep,
oOpatHas apoou 7/4 pasua 4/7). CioBo
"nepesepuymoiii' mMOMoraeT MHE
BCIIOMHHTB, YTO OHO O3HAYaeT.

Figure 4.6
The secant function

Pucynok 4.6
DyHkyus cexanca
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Critical Point

It's important to know how 0 affects a
fraction. If O appears in the
denominator of a fraction, that fraction
Is deemed «undefined». It is against
math law to divide by 0, and the
penalties are stiff (the same as ripping
tags off of mattresses). On the other
hand, if 0 appears in the numerator of a
fraction (and not the denominator,
too... that's still not allowed), then the
fraction's value is 0, no matter how big
a number is in the denominator.

BakxHbIii MOMEHT

Baxxno 3HaTh, Kak 0 BauseT Ha JpOOb.
Ecau B 3HamMeHarene ApoOH MOSBIISICTCS
0, aTa ApoOb cumTacTCA
«HeomnpeneneHHony. Jlenenue Ha 0
MIPOTUBOPEUUT MATEMATUUYECKOMY
3aKOHY, U HaKa3aHHUE 3a 3TO CypOBOE
(Takoe ke, KaKk CphIBAHUE SIPIBIKOB C
matpacoB). C npyroi croponsl, eciau 0
MIOSIBJISICTCS B YUCIIUTEINIE Apoou (U
TOXE HE B 3HAMEHATeJE... 3TO BCE
PaBHO 3aMpeIieHo), TO 3Ha4eHHe Apoou
paBHo 0, HE3aBUCUMO OT TOTO,
HACKOJILKO BEJIUKO YHCIIO B
3HAMEHaTeJe.




Cosecant (Written as y = cscx)

Very similar to its cofunction sister, this
function has the same range and period
as the secant, differing only in its
domain. Because the cosecant is
defined as the reciprocal of the sine, csc
x= 1/sin x, the cosecant will have the
same domain as the cotangent, as they
share the same denominator (see Figure
4.7).

In essence, four of the trig functions are
based on the other two (sine and
cosine), so those two alone are
sufficient to generate values for the rest.

KocekaHT (3anucbiBaeTcs Kak y =
CSCX)

OueHb MOX0Kask Ha CBOIO CECTPY IO
KO(pyHKIIMH, 3Ta PYHKIIUSI UMEET TOT
K€ MHTEPBAJ ¥ TIEPHO/I, YTO U BTOpAas,
OTJINYASACH TOJILKO CBOEH 00JIaCThIO
onpenencHus. [I0CKOIbKY KOCEKaHT
ompezeseTcs Kak oOpaTHasi CHHYCY,
CSC X = 1/sin X, KOceKaHT OyIET UMETh
Ty K€ 00JIaCTh ONPEACIICHUS, YTO U
KOTaHTEHC, MIOCKOJIbKY OHH UMECIOT
OJIMH U TOT K€ 3HAMEHATEJb (CM. PHC.

4.7).

[To cyTH, 4yeTbipe TPUTOHOMETPUUECKHUE
(YHKIIMM OCHOBAHBI Ha ABYX APYTUX
(CMHYC M KOCHHYC), TTIOATOMY TOJIBKO
ATUX JBYX JOCTATOYHO JJIsl TE€HEepaIluu
3HAUYCHUU JJ1S1 OCTAIbHBIX.

Kelley's Cautions

The cosecant is not the reciprocal of the
cosine. Many times, people pair these
because they have the same initial
sound, but it's wrong. Similarly, the
secant is not the reciprocal of the sine,
even though they have the same initial
sound.

IIpenocrepe:xkenus Keiun

KocekanT He siBIseTCsL 0O0paTHOM
BEJIMYMHOW KOCcHHYyca. YacTo mroau
COYETAIOT UX, IOTOMY YTO Yy HUX
OJIMHAKOBBIM HaYaJIbHBIN 3BYK, HO 3TO
HEIPaBWIbHO. AHAJIOTUYHO, CEKaHC HE
SIBJISICTCSI OOPATHOI BEIIMYMHOMN
CHHYCa, TaKE€ €CJIM Y HUX OJMHAKOBBIN
HAYAJIbHBIN 3BYK.




Example 2: If cosd = 1/3 and sin6 = -
V8/3, evaluate tand and secé.

Solution: Let's tackle these one at a
time. First of all, you know that tanf =

sinf/cos0, So:

—— e .

1

——

3

Multiply the top and bottom by 3 to
simplify the fraction and your final
answer is ...

tan @ =

W | -

Now, on to sec — this is even easier.
Because you know that cos6 = 1/3, and
secO = 1/cos6 (because the secant is the
reciprocal of the cosine):

secH = 1/1/3=3

Ipumep 2: Ecau cosO = 1/3 u sin = -
\/8/3, BeIYMCaNTE tand u secH.

Pemenue: J[aBaiiTe pazdepemcs ¢
HUMH 110 odepenn. [Ipexae Bcero, Bb
3Haere, 4To tand = sin/cos0, Tak 4ro:

V8

— i————
—

3

—————

1

——

3

YMHOXKbTE BEPXHIOIO U HUKHIOIO YaCTH
Ha 3, 4TOOBI YIIPOCTUTH APOOb, U BaIll
OKOHYATEJIbHBIN OTBET OYJIET ...

J8 3

tan @ =

Temepp nepeiigem Kk SECO — 310 eme
npore. [Toromy 4To BbI 3HaETE, UTO
cosO = 1/3, a secO = 1/ cosO (moTomy
YTO CEKAHC SBJISACTCS 0OpaTHBIM
KOCHHYCY):

secH = 1/1/3=3




Figure 4.7
The cosecant function.

What's Your Sine: The Unit Circle
No one expects you to be able to
evaluate most trigonometric
expressions off the top of your head. If
someone held a gun to my head and
asked me to evaluate cos3m/7 with an
accuracy of .001, | would respond by
calmly lying on the ground and
beginning to draw a chalk outline
around myself and preparing for death.
I'd have no chance without a calculator
or a Rainman-like ability for
calculation. Most calculus classes,
however, will require you to know
certain trigonometric values without
even a second thought.

Pucynok 4.7
DyHKyus Kocekanca.

—] -t

— 2=

Kakos Bam Cunyc: ExmanyHas
OKPY:KHOCTbD

HukTOo HE 0KHIAET, YTO BBl CMOYKETE
ONPEASTUTh OOJBIIMHCTBO
TPUTOHOMETPHUCCKHX BBIPAKCHHM C
xony. Ecii ObI KTO-TO IIPUCTaBUII
MIUCTOJIET K MO T'0JIOBE M TIOTIPOCHIT
MEHS OIIPeIEIUuTh COS37/7 ¢ TOUHOCTHIO
10 0,001, B oTBeT g OBI CITOKOIHO JIET
Ha 3eMJTIO, HayaJl pUCcOBaTh MEJIOM
KOHTYP BOKPYT C€OsI M TOTOBHIJICS K
cMepTH. Y MeHs He ObLI0 Obl HUKAKHX
IIAHCOB 0€3 KaJbKYJIATOpa WIIH
CIIOCOOHOCTH K BBIYHCIIEHHSIM,
moxo0HoM cnocooHOoCcTH YenoBeka
noxkaa. OaQHako OOJBIINHCTBO
MaTeMaTHYECKHUX PacuETOB TPEOYIOT,
9TOOBI BbI 3HAIM ONPEACICHHEIC
TPUTOHOMETPHUCCKHC 3HAUCHHUS, JaXKe
HE 32 TyMBIBAsICh.




These values are derived from
something called the unit circle, a circle
with a radius of length 1 that generates
common cosine and sine values. You
don't really have to know how to get
those values (or how the unit circle
works), but you should have these
values memorized. Make flash cards,
recite them with a partner, get a tattoo
— whatever method you use to
remember things — but memorize the
unit circle values in the chart in Figure
4.8.

OTH 3HAYCHUSA MOTYYCHBI U3 TaK
HA3bIBAEMOU eOUHUYHOU OKPYHCHOCMU,
OKPY>KHOCTH C paJInyCOM JJIUHBI 1,
KOTOpasi TeHEpUPYET 00IIMe 3HAUCHUS
KOCUHYca U cuHyca. Ha camom nee
BaM HE 0053aTENILHO 3HATh, KaK
MOJIYYHUTh 3TU 3HAYCHUS (MU KaK
paboTaeT eAMHUYHAS OKPY>KHOCTh), HO
BbI JIOJDKHBI 3aIIOMHUTB 3TH 3HAYCHUS.
Cnenaibite (udII-KapThl, TOBTOPUTE UX
C TTapTHEPOM, ClIeJaiiTe TaTyUPOBKY —
Kakoi OBl METOJ] BBl HU UCTIOIB30BAIH
JUTS 3aTIOMUHAHUS BEIIeH, — HO
3a[IOMHHTE 3HAYCHUS €TUHUIHOTO
Kpyra B Tabnuile Ha pucyHke 4.8.

Talk the Talk

The unit circle is a circle whose radius
Is 1 unit that can be used to generate the
most common values of sine and
cosine. Rather than generating them
each time you need them, it's best to
simply memorize those common
values.

IToroBopuM 0 rJIaBHOM

EnuHn4Has OKPYKHOCTb — 3TO
OKPY>KHOCTb, paJInyC KOTOpOM paBeH 1
€IUHUILIEC, KOTOPYIO MOXKHO
MCTIOJIb30BATh U T€HEPALUH
HauboJee PacIpoOCTPaHEHHBIX
3HAYEHUM CMHYCa U KOocuHyca. Bmecto
TOTO YTOOBI TEHEPUPOBATH UX KAXKIBIN
pa3, Korja OHU BaM MOHA004TCH,
Jy4Iie IpoCTO 3alIOMHUTH 3TU 0011IHe
3HAYECHUSI.

Figure 4.8

The confounded unit circle, a necessary
evil to calculus. Memorize it now and
avoid trauma in the future.

Angle (radians) |cosine| sine Angle (radians) |cosine| sine
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Pucynok 4.8

Ilpoxnamas eOuHUYHASL OKDYHCHOCTD,
HeuzbeacHoe 310 OJisl bIYUCTICHUIL.
3anomnume ee cevuac u uzbezatime
mpaem 8 6yoyujem.
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If you're having trouble remembering
the unit circle, look for patterns. If you
absolutely refuse to memorize these
values and it's okay with your instructor
that you don't, at the very least keep
this chart in a handy place, because
you'll find yourself consulting it often.

Now that you know the unit circle and
all kinds of crazy stuff about trig
functions, your powers have increased.
(Just make sure you always use them
for good, not evil.) In fact, you are able
to evaluate a lot more functions, as
demonstrated by the next example.

Example 3: Find the value of cos23n/4.
Solution: We only know the values of
sine and cosine from O radians to 117/6
radians.

Clearly, 23n/4 is much too large to fit in
this limited interval. However, because
cosine is a periodic function, its values
will repeat. Since cosine's period is 2,
you can find a coterminal angle to
237/4 which does appear in our unit
circle chart and evaluate that one
instead — the answer will be the same.

Ecnu y Bac BO3HUKIIU MTPOOJIEMBI €
3alIOMUHAHUEM €IUHUYHOU
OKPY>KHOCTH, TIOUIIIUATE 11a0JIOHBI.
Ecnu BBl KaTeropu4ecku
OTKa3bIBAETECH 3AIIOMUHATH ATH
3HAYCHMS, U Ball IIPENOJAABaTENb HE
BO3pakaeT, YTOOBI Bl 3TOTO HE JIeJIaly,
110 KpalHEN Mepe, NEPKUTE ITY
TaOJUIy B yIOOHOM MECTE, IIOTOMY YTO
BaM MPUIETCS YaCTO CBEPATHCA C HEM.

Tenepb, Koraa Bbl 3HACTE CAMHUYHYIO
OKPY>KHOCTh M BCEBO3MOXKHBIC
OCe3yMHBIE BEIIIH O
TPUTOHOMETPUUYCCKUX (DYHKIUAX, BAIIU
criocooHoctH Bo3pociu. (IIpocto
yOeIMTECh, YTO BbI BCETIa MCIIOJIB3YETE
uX BO 0jaro, a He Bo 3710.) Ha camom
JieNe, Bbl MOYKETE OIPEICIIUTh TOpa3/io
Oosbiie hYHKIIUM, KaK ITOKa3aHO B
CIICIYIOIIEM TIPHMEpE.

IIpumep 3: Haiinure 3HaueHue
cos23n/4.

Pemienne: Mpbl 3HaeM TOJILKO 3HAUCHUS
cuHyca u Kocunyca ot 0 paauan 1o
11n/6 paguan.

OueBnanHoO, 4T0 237/4 caumkom
BEJIMKO, YTOOBI IIOMECTUTHLCS B 9TOM
OorpaHUYeHHOM HHTEepBasie. OIHAKO,
MTOCKOJIBKY KOCUHYC SIBIISICTCS
NEePUOINYECKON (hYHKITMEH, ero
3HAYCHHS OyAYyT MOBTOPSATHCS.
[TockoybKy MEpPHO KOCUHYCa PaBeH
2T, BBl MOJKETE HAWUTH
KOTEPMUHAIIBHBIN yroJ 1o 237/4,
KOTOPBIA AEUCTBUTEIBHO
0TOOpakaeTCs Ha HaIIeH €TMHUYHOU
OKPYXHOCTH, ¥ OTIPEACIUTH €T0 BMECTO
ATOTO — OTBET OYJIET TEM K€ CaMBIM.




According to Example 1 in this chapter,
all you have to do is add or subtract the
period (again, it is 2z for cosine) and
you'll get a coterminal angle. | am
looking for a smaller angle than 23m/4,
so I'll subtract 2. Don't forget to get
common denominators to subtract
correctly:

23n/4 - 21t = 23n/4 - 8n/4 = 15n/4

That's still too big (the largest n/4 angle
| have memorized is 7n/4), so | have to
subtract again:

15nt/4 - 8n/4 = Tn/4
Because 7n/4 and 23n/4 are coterminal,

cos7m/4 = cos 237n/4, which we know to
be V2/2.

CornacHo npumepy 1 B 3T0i1 TJ1aBe,
BCE, UTO BaM HYXKHO CJenaTh, 3TO
100aBUThH UK BBIYECTH MEPUO/] (OMATh
ke, ITO 27 JAJisl KOCUHYCA), U BbI
MOJIYYUTE KOTEPMUHAJIBHBIN yroi. f
UIIly YroJ MeHbIINH, yeM 237/4,
nod3ToMy s BeIUTy 27. He 3a0ynbte
MOJIYYUTh OOIIME 3HAMEHATEHU IS
MPaBUIIBHOTO BRIYUTAHUS:

23n/4 - 2w = 23n/4 - 8n/4 = 15n/4

DTO BCE €I11I€ CIUIIKOM MHOTO (CaMbli
Oonbioi yron nw/ 4, KOTOPBIi s
3allOMHWII, paBeH /7/4), mo3ToMy MHE
NPUXOJUTCS BBIYUTATH CHOBA!

15n/4 - 8n/4 = Tn/4

[Tockonbky 7n/4 u 231/4 sBusroTCS
KOTEpMHUHAIBHBIMH yTJIaMH, COS77t/4 =

C0S23m/4, 4TO, KaK MBI 3HAEM, PaBHO
N2/2.

You've Got Problems
Problem 1: Evaluate cos14m/4 using a
coterminal angle and the unit circle.

Y Tebds1 npobeMbl

3anayva 1: Beruuciure coslén/4,
UCIIONIB3Ysl KOTEPMHUHAIBHBIN yToI U
CAMHUIHYIO OKPY>KHOCTD.




You might be interested in how the unit
circle originates and how the previous
values are derived. Here's a quick
explanation. A unit circle is just a circle
with radius one, and we'll center it at
the origin. Now, draw a ray from the
origin that makes a 30-degree (m/6-
radian) angle with the positive x-axis in
the first quadrant, and mark the point
where the ray intersects the circle. The
coordinates of that point are,
respectively, the cosine and sine of m/6.
To find the coordinates of the point,
find the lengths of the legs of the right
triangle shown in Figure 4.9.

Bo3moxxHO, Bac 3aMHTEpECYET, Kak
BO3HHUKAET IMHUYHAS OKPYXKHOCTh U
KaK BBIBOJISATCS TIPEABITYIIINE
3Ha4YeHUs. BOT kpaTkoe 0ObsSICHEHHE.
EnnHuyHas OKpy)HOCTb — 3TO IIPOCTO
OKPY>KHOCTbh C PaJINyCOM OJWH, U MbI
OyJZieM IIEHTpUPOBATh €€ B HaJaJIe
koopauHat. Teneps HapUCyeM JIyd OT
Hayaja KOOpJIMHAT, KOTOPKII oOpaszyer
yrou B 30 rpagycos (n/6 paguan) ¢
MOJIOKUTEIILHON OChIO X B TIEPBOM
KBaJpaHTE, 1 OTMETUM TOYKY, TJ€ JTy4
nepeceKaeT OKPY>KHOCTh.
KoopannaTtamu 3TON TOYKHU SBIISIOTCS,
COOTBETCTBCHHO, KOCHHYC U CHHYC 71/6.
UToOBI HAWTU KOOPJUHATHI TOYKH,
HalJIeM JIJIMHBI KaTeTOB
MPSIMOYTOJILHOTO TPEYTOJIbHHUKA,
MOKa3aHHOTO Ha pucyHke 4.9.

Incredibly Important Identities

An identity is an equation that is always
true, regardless of the input. It's easy to
tell that, according to this definition, x
+ 1 =7 is not an identity, because it is
only true when x = 6. However,
consider the equation 2(x - 1) + 3 = 2x
+ 1. Ifyoupluginx =0, yougetl=1,
which is definitely true, wouldn't you
agree? Try plugging any real number,
and you'll get another true statement.
Thus, 2(x - 1) +3=2x+1isan
identity.

HeBeposiTHO BasKHBIE TOXKIECTBA
ToXkaecTBO — 3TO ypaBHEHHE, KOTOPOE
BCET/Ia BEpPHO, HE3aBUCHUMO OT BBOJHBIX
naHHbIX. JIerko cka3aThb, 4YTO, COTJIACHO
ATOMY onpejeiieHuto, X + 1 = 7 He
SIBJISIETCSI TOKJECTBOM, IIOTOMY YTO ATO
BEPHO TOJBKO TOTIa, Koraa X = 6.
OpHako paccMOTpuM ypaBHeHue 2(X -
1) + 3 = 2x + 1. Eciu BEI BBOAMTE X =
0, BeI mosryuaetre 1 =1, uro
OIPEACICHHO BEPHO, BBl COTIACHKI?
[TorrpoOyiiTe BBeCTH JIH000€
JNCUCTBUTEIIFHOC YUCIIO, U BBI OJIYYUTE
eIIe OJHO UCTHHHOC YTBEPIKICHHE.
Takum o6pazom, 2(x - 1) +3=2x+1
— 9TO TOXKJIECTBO.




Figure 4.9

This right triangle, inscribed on the unit
circle, determines the values of cosine
and sine for the angle at the origin.
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Pucynok 4.9

Imom npsaAmMoy2oabHbll MpeyeoibHUK,
BNUCAHHBIU 8 COUHUUHYIO OKPYIHCHOCY,
onpeoessaem 3HAYEHUs KOCUHYCA U
cuHyca 0714 yena 6 Hauane KOOpOUHam.
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It is worth mentioning that it is a very
stupid identity. You are not going to
impress anyone by showing that
equation off. With only two seconds’
worth of work, you can simplify the left
side and show the two sides equal.
Most math identities are much more
useful because it's not immediately
obvious that they are true. Specifically,
trigonometric identities help you
rewrite equations, simplify expressions,
and justify answers to equations. With
this in mind, we'll explore the most
common trigonometric identities.
They're worth memorizing if you don't
know them already.

CTOUT OTMETHUTD, YTO 3TO OUYCHB TIIYIIOE
TOXIECTBO. BBl HM Ha KOTO HE
MIPOU3BEJICTE BIICUATIICHUS,
JIEMOHCTPUPYS 3TO ypaBHEHUE.
[ToTpaTuB BCETO JIBE CEKYHIbI HA
paboTy, BBl MOXKETE YIPOCTUTH JICBYIO
CTOPOHY M TIOKa3aTh, YTO JIBE CTOPOHBI
paBHBI. BOIBIIMHCTBO MAaTEMATUYECKUX
TOXJIECTB TOpa3ao 0oJiee MOJIe3HBI,
MIOTOMY YTO HE Cpa3y OUYEBHUIHO, YTO
OHU UCTUHHBI. B yacTHOCTH,
TPUTOHOMETPUUECKHUE TOXKICCTBA
MIOMOTal0T BaM NEPENUCHIBATH
ypaBHEHUS, YIIPOILIATh BEIPAKCHUS U
000CHOBBIBaTh OTBETHI HA YPaBHEHHUS.
Nmest 3T0 B BUY, MBI PaCCMOTPUM
HanboJiee pacpoCcTpaHESHHbBIE
TPUTOHOMETPUUECKHE TOXAecTBa. X
CTOUT 3alIOMHHTb, €CJIM BbI X €IIIe HE
3HaeTe.




Pythagorean ldentities

The three most important of all the trig
identities are the Pythagorean identities.
They are named as such because they
are created with the Pythagorean
theorem. Remember that little nugget
from geometry? It said that the sum of
the squares of the legs of a right
triangle is equal to the square of the
hypotenuse: a? + b® = ¢?. Ever since |
taught these three, | have named them
the Mama, Papa, and Baby theorems
respectively (after the Three Bears
story), both for entertainment purposes
and because they have no commonly
accepted names. If | were in the
company of math nerds, however, |
wouldn't use the terms if | were you.
They will sneer and scowl at you.

« Mama theorem: cos’x + sin’x = 1

« Papa theorem: 1 + tan’x = secx

« Baby theorem: 1 + cot®x = csc®x

IIndaropeiickue ToKIECTBA

Tpu HanboJiee BaXKHBIX U3 BCEX
TPUTOHOMETPUUYECKUX TOXKJIECTB — 3TO
toxxaecTtBa [Iudaropa. OHM Ha3BaHBI
TaK MOTOMY, YTO CO3/IaHbI C TOMOIIBIO
teopemsl [Iudaropa. [lomHute TOT
MaJIeHbKUH CaMOPOJIOK U3 TeOMETPUU?
B Hem roBopuiioce, 4To cymma
KBaJPaTOB KaT€TOB MPSIMOYTOJILHOTO
TPEyrojbHUKA paBHA KBaJpaTy
rumotenyssl: a° + b” = ¢ C Tex mop
KaK sl HAy4WI 3TUM TPEM Teopemawm, s
Ha3BaJl ux TeopeMamMu Mawmpl, [lans n
Mareliiia COOTBETCTBEHHO (B YECTh
UCTOPUH O TPEX MEJBEIAX), KaK B
pa3BJICKATEIbHBIX IEJAX, TaK U
IIOTOMY, YTO Y HUX HET OOIICIIPHUHSITHIX
Ha3BaHuK. OgHAaKO, €ciiv OBl S ObLI B
KOMIIAaHMHM MaTeMaTHYECKHUX
00TaHUKOB, s OBI Ha BaIlleM MECTE HE
WCIIOJIB30BaJI 3TU TepMUHBL. OHU OYIyT
HacMeXaThCsl U CEpJIUThCS Ha Bac.

« Teopema Mamsr: c0s?X + sin’x = 1

» Teopewma Ilanbr: 1 + tan®x = sec’x

* Teopema Manpima: 1 + cot’x = csc’x

You've Got Problems

Problem 2: The Mama theorem is an
identity, and therefore true for every
input. Show that it is true for x = 27/3.

Y Tebds1 npobeMbl

3agaua 2. Teopema MaMmbl SBIIICTCS
TOXKJICCTBOM H, CJICIOBATEIbLHO, BEpHA
JUTS KQXKIbIX BBOAHBIX JaHHBIX.
Jlokaxute, 4TO 3TO BEPHO IS X = 27/3.




Critical Point

Those Wizard of Oz fans out there may
remember that the Scarecrow spouts a
formula when the Great and Powerful
Oz grants him a brain. He states, "The
sum of the square roots of any two
sides of an isosceles triangle is equal to
the square root of the remaining side."
This is a false statement! He was
probably supposed to quote the
Pythagorean theorem, since it is one of
the most recognizable theorems to the
general public, but missed it quite
badly. Perhaps Oz was not so powerful
after all. The Tin Man's string of failed
marriages and the Cowardly Lion's lack
of success as a motivational speaker
offer further evidence to Oz's lackluster
gift giving.

Ba:xHblil MOMEHT

[Toxnonnuku "BonmeOHuKa cTpaHbl
03", BO3MOKHO, IIOMHST, YTO
Crpammnia npou3HOCUT (popmyiy,
korjaa Benukuii 1 MoryuiecTBeHHbIN
O3 napyet emy Mo3r. OH yTBEpIKIAET:
"CyMMa KBaJpaTHBIX KOPHEH U3
JOOBIX IByX CTOPOH PaBHOOEIPEHHOTO
TPEYTrOJIbHUKA PABHA KBAPAaTHOMY
KOPHIO M3 OCTaBIIECHCA CTOPOHBI". ITO
J0KHOE yTBepxkaeHue! BepoaTtHo, o
JIOJIKEH OB MPOLUTUPOBATH TEOPEMY
[Tudaropa, mOCKOJIbKY 3TO OJIHA U3
CaMbIX Y3HABA€MbIX TEOPEM IS
HIMPOKOM MyOJUKH, HO OH JIOBOJIBHO
omuOcs. Bosmoxkno, O3 B KoHIIE
KOHIIOB HE OBLIT TAKUM YK
MOT'YLIECTBEHHBIM. Uepea HeyJauHbIX
opakoB XKene3znoro /IpoBoceka u
Heycnex TpycnuBoro JIbBa B KauecTBe
MOTHBAIIMOHHOTO OpaTopa SBJISIOTCS
€I1e OJIHUM J0Ka3aTeIbCTBOM TOTO, YTO
O3 maput nogapku, KOTOpbie ObICTPO
KaHYT B HEOBITHE.

Now, let's see how trigonometric
functions and identities can make our
lives easier. With a little knowledge of
trigonometry and a little bit of elbow
grease, even ugly expressions can be
made beautiful.

Tenepp maBaiiTe MOCMOTPUM, KaK
TPUTOHOMETpUUYECKHE PYHKIIUU U
TOKJIECTBA MOT'YT OOJIETYUTDH HAIITY
)n3Hb. HeMHOro pazoupasice B
TPUTOHOMETPUHU U HEMHOTO CMa3aB
JIOKTH, MOXHO C/I€JIaTh KPACUBBIMU
JIaXe YPOIIUBBIE BBIPAKEHUSI.




Example 4: Simplify the trigonometric
expression cos’x/sinx + sinx using a
Pythagorean identity.

Solution: One of these terms is a
fraction. You know that you must first
have common denominators in order to
add fractions, so multiply the second
term by sinx/sinx to get his-and-hers
matching denominators of sinx:

2 . .
COS“x N sinx sinx
sIn x 1 sinx
cos’x sin’x
sinx sinx

IIpumep 4: Yupocture
TPUTOHOMETPUUECKOE BhIPAKEHUE
C0S2X/sin X + SINX, HCTIOTB3YsI
tToxaecTBo ITudaropa.

Pemenue: OgHUM U3 4JICHOB
BBIPKECHUS ABJISIETCS IPOOb. Bl
3HAeTe, YTO CHayJalla y Bac JOJKHBI
OBITH OOIIME 3HAMEHATEIIN, YTOOBI
CJI0XKHUTh JIPOOH, MIOATOMY YMHOKBTE
BTOPOW 4JICH ypaBHEHHUs Ha SINX/SINX,
YTOOBI MOJYYUTh €TO-H-€€
COBITAJIAOIIME 3HAMEHATEIH SINX:

2 . .
CoS‘x N sinx sinx
sinx 1 sinx
cos’x sin’x
sinx sinx

Now that the denominators match, we
can perform the addition in the
numerator while leaving the
denominator alone:

2 2

COS“ x +sin” x

Sin x

Tenepb, Koraga 3HaMCHATCIIN
COBITaar0T, MblI MOXKCM BBIIIOJIHUTDH
CJIOKCHHUC B YUCIIUTCIIC, OCTaBHB
3HaMCHATCJIb B IIOKOC:

2

COS 2

X +SIn‘ x

Sin x




That doesn't look any easier! Hold on a
second. The numerator looks just like
the Mama theorem, and according to
the Mama theorem we know that cos®x
+ sin® = 1. Therefore, substitute 1 in
for the numerator:

1/sinx
We could stop there, but we're on a
roll! We also know that 1/sinx = cscx,
since the cosecant is the reciprocal of
the sine. Therefore, the final answer is
CSCX.

DTO BBIMTSAUT HAYYTh HE Tpoiie!
[Tomoxnure cekynny. Yucnurenb
BBITJISIIAT TOYHO TaK ke, Kak Teopema
Mawmsl, u cornacHo TeopeMe MaMbl Mbl
3HaeM, 9T0 COS°X + Sin°x = 1. [Tostomy
MOJICTaBbTE 1 B UUCIUTENb:

1/sinx
Mpg1 Moryin Obl OCTAaHOBUTBHCS HA ATOM,
HO MBI B yniape! MbI Takke 3HaeM, 4To
1/sinX = CSCX, MOCKOJIBKY KOCEKAHT
SBJISIETCSL 0OPATHOM BETMYMHOM
cunyca. Cre1oBaTenbHO,
OKOHYATEJIbHBINA OTBET — CSCX.

Kelley's Cautions

The notation cos®x is shorthand
notation for (cosx)? wouldn't make any
sense for the letters cos to be squared,
as you might expect. The shorthand
notation is used to avoid having to write
those extra parentheses.

IpenocTepexkenus Kenin
O603HaYeHnEe COS X, ABISACH
COKpAaICHHBIM 0003HAYCHHUEM IS
(cosX)?, He MMesI0 6bl HUKAKOTO
CMBICJIa, €CIu OB OYKBBI COS ObLTH
BO3BCCHBI B KBaJpaT, KaK Bbl MOTJIU
ObI oxkuIaTh. COKpaIieHHOE
0003HaYCHUE UCTIOJIB3YETCS JJIs TOTO,
yTOOBI N30€KaTh HEOOXOIUMOCTHA
MMCaTh 3TH JIOTIOJTHUTEIBLHBIE KPYTJIbIe
CKOOKH.

Double-Angle Formulas

These identities allow you to write
trigonometric expressions containing
double angles (such as sin2x and cos26)
into equivalent single-angle
expressions. In other words, these
expressions eliminate the x coefficient
of 2 inside a trigonometric expression.

@®opMyJibl ABOMHOI0 yrJja

OTH TOXKIECTBA MO3BOJISIIOT
3aIUCHIBATh TPUTOHOMETPHYECCKUE
BBIpKCHUS, COZEPIKAIIIKE TBOMHBIC
yrisl (Takke Kak SiN2X u €0s20), B
HKBUBAJICHTHBIC OHOYTOJIbHBIC
BBIpaKeHUs. [[pyrumu ciioBamu, 3TH
BBEIPKCHUS UCKITIOYAIOT KOA(PUITUCHT
X, pPaBHBIN 2, BHYTPH
TPUTOHOMETPHUUYECKOTO BBIPAKCHUS.

* sin2x = 2sinxcosx (This is the
simplest double-angle formula, and
memorizing it is a snap.)

* C0S2X = COS’X - sin’x

= 2c0s% - 1
=1 -2 sin®

* SiN2x = 2sinxcosx (ATo camas
npocras (hopMysia JBOMHOTO yria, u
3aIIOMHUTH €€ COBCCM HCCJIO)KHO.)

e COS2X = COS’X - Sin®X

=2c0s’X - 1
=1 - 2 sin’x




The cosine double-angle is a little
trickier — there are actually three
different things which can be
substituted for cos2x. You should
choose which to substitute in based on
the rest of the problem. If there seem to
be a lot of sines in the equation or
expression, use the last of the three, for
example.

JIBOMHOM YrOJI KOCUHYCa HEMHOTO
CJI0KHEE — Ha CaMOM JIeJIe €CTh TPU
pa3HbIE BEIIH, KOTOPHIE MOXKHO
3aMEHHTH Ha COS2X. BBl JOKHBI
BBIOpaTh, UTO 3aMEHUThH, OCHOBBIBASIChH
Ha OCTaJIbHOM YacTH 3ajauu. Eciu
KaXXeTCsl, YTO B YPaBHECHUU WUJIH
BBIPOXKEHUU MHOT'O CUHYCOB,
UCIIOJIb3YHTE, HAIIPUMED, MOCIIEAHUN
U3 TpeX.

There isn't a whole lot to understand
about double-angle formulas. You
should just be ready to recognize them
at a moment's notice, as problems very
rarely contain the warning label,
"Caution: This problem will require
you to know basic trig double-angle
formulas. Keep away from eyes. May
pose a choking hazard to children under
3." Watch how slyly these suckers slip
in there.

B ¢opmynax aBoHHOTO yriia HE TaK yX
MHOT'O HYHO MTOHUMaTb. Bl TpocTO
JIOJKHBI OBITh TOTOBBI PaCcIiO3HATh UX B
JFO0OM MOMEHT, TaK Kak 3aJa4ui OYeHb
PEIKO coepKaT MPEayIPEKIAIOILYIO
HaAnuch: "BHNManue: Jrta 3a/1a4a
OTPEOYET OT Bac 3HAHUS OCHOBHBIX
TPUTOHOMETPHUUECKHX (POPMYII
JIBOMHOIO yria. [lepxute mojaanpliie oT
ria3. MoXeT IpeiCTaBIIsITh OMAaCHOCTh
YAYIIbS IJIs AeTed miaame 3 jer."
CmoTpuTe, KaK JJOBKO 3TH HEYJTAUHUKH
MPOCKAJIB3BIBAIOT TYy/1A.

Example 5: Factor and simplify the
expression cos*0 - sin.

Solution: This expression is the
difference of perfect squares, so it can
be factored as follows: (cos?6 +
sin’9)(cos0 - sin®d). Notice that the
left-hand quantity is equal to 1,
according to the Mama theorem, and
the right-hand quantity is equal to
c0s2x, according to our double-angle
formulas. Therefore, we can substitute
those values to get (1)(cos2x) = cos2x.

IIpumep 5: Paznoxute HAa MHOXKUTEIU
¥ YIIPOCTHTE BBIpaKeHUe C0S 0 - sino.
Pemenue: 310 BhIpakeHUE
peACTaBIsseT cO00M Pa3HOCTD MOJTHBIX
KBaPaTOB, TIO3TOMY €I0 MOYKHO
Pa3JIOKUTh CIAETYIOUIUM 00pa3oM:
(cos®0 + sin?6)(cos?0 - sin6).
OOpartuTe BHUMAaHHE, YTO JIeBas
BEJIMUMHA paBHa 1, coryiacHO Teopeme
Mawmpl, a TpaBas BeJIMYHHA paBHA
C0S2X, UCXO0As U3 HAIKX (hopMy
nBoitHoro yria. CienoBaTeabHO, MBI
MO>KEM TOJICTABUTh ITH 3HAYCHUS,
9T00BI TOTYy4uTh (1)(C0S2X) = COS2X.




Critical Point

There are a lot of trig identities — not
just the few in this chapter — but you'll
use these tar more than all the rest put
together.

BaxHblii MOMEHT

CylecTByeT MHOXECTBO
TPUTOHOMETPUUECKHUX TOXKJIECTB — HE
TOJBKO T€, YTO OINKCAHBI B 3TOM TJIaBe,
— HO BBI Oy/IeT€ HCMOJIB30BaTh ATH
TOXECTBa YaIle, YeM BCe OCTaJIbHBIC
BMECTE B3SITHIC.

You've Got Problems
Problem 3: Factor and simplify the
expression 2sinxcosx - 4sin’x cosx.

Y 1ebst npo0JIeMbI

3agaua 3: Pasnoxxure Ha MHOXKHUTEIH U
YIIPOCTUTE BhIpaxkeHHe 2SINXCOSX -
4sin®x cosx.

Solving Trigonometric Equations
The last really important trig skill you
need to possess is the ability to solve
trigonometric equations. A word of
warning: Some math teachers get very
bent out of shape when discussing trig
equations. You will have to read the
directions to these sorts of problems
very carefully to make sure to answer
the exact question being asked of you.

PemieHue TpUrOHOMETPUYECKHUX
YPABHEHHUH

Ilocnenauii NEeCTBUTEIBHO BaKHBIN
HaBBbIK TPUTOHOMETPHUH, KOTOPBIM BaM
HYXHO 00J1a1aTh, — 3TO YMEHHUE
peliaTh TPUTOHOMETPUYECKUE
ypaBHeHus. Hebombioe
MPEaYIPEKICHUE: HEKOTOPBIE YUUTENS
MaTEMAaTHKHU BBIXOJST U3 ceOsl,
00CyX/1asi TPUTOHOMETPUUCCKHE
ypaBHEHHUS. BaM nmpuaeTcs oueHb
BHHUMATEIbHO MPOYUTATh YKA3aHUS K
TaKUM 3a7a4aM, YTOObI TOUHO OTBETHUTH
Ha 3aJIaHHBIM BaM BOIPOC.




Critical Point

When intervals are specified as [0,27),
that is shorthand for 0 < x < 2zn. The
two numbers in the notation represent
the lower and higher boundaries of the
acceptable interval, and the bracket or
parenthesis tells you if that boundary is
included in the interval or not. Ifit's a
bracket, that boundary is included, but
not so with a parenthesis. In interval
notation, the expression x > 7 looks like
[7,00). Because there is no upper bound,
you write infinity. If infinity is one of
the boundaries, you always use a
parenthesis next to it.

BaxHblii MOMEHT

Korma uaTepBaisl 3amarorcs kak [0,27m),
3T0 cokpamenue 1 0 < X < 2m. /IBa
yucia B 0003HAYEHUH MPECTABIISIIOT
HIDKHIOIO U BEPXHIOIO IPaHUILIBI
JOIYCTUMOT'O MHTEpBaa, a CKOOKa WK
KpYTJIble CKOOKH YKa3bIBAIOT BaM,
BKJIFOYEHA JIU ATa TpaHMIla B MUHTEpPBAJI
iy HeT. Ecim 3To KkBajpaTHas CKoOKa,
TO 3Ta TPaHUIIa BKIIOUYEHA, HO BCE TO-
JIPYromy ¢ Kpyrioi ckookoii. B
WHTEPBAJILHOM 0003HAYCHUU
BBIpa)KEHHUE X > 7 BBITIAINT Kak [7,00).
[TockoabKYy BEpXHEH I'paHMIIBI HET, BbI
nuireTe 0ECKOHEYHOCTh. Ecnn
OCCKOHEYHOCTb SIBJISIETCSI OJHOM U3
I'PaHUII, BBl BCETIa HCIIOIb3YyeTe
KPYTJIYIO CKOOKY PsIZIOM C HEW.

Kelley's Cautions

If your instructor demands one answer
per equation, eliminate all of your
solutions except for the one (and there
will only be one) that falls into the
appropriate range. That range is -7/2 <
0 < =/2 for sine, tangent, and cosecant;
for cosine, cotangent, and secant, use
the interval of 0 <0< .

IIpenocrepe:xkenus Keiun

Ecnu Bam npenojgasaTelis TpeOyeT
OJIHOT'O OTBETA Ha Ka)KJ0€ YpaBHEHHE,
UCKJIFOUMTE BCE BAIlIM PEIIECHHUS, KPOME
TOro (1 OyZeT TOJIBKO OIHO), KOTOPOE
IOINAaJAET B COOTBETCTBYIOIIMIA
UHTEPBAJL. DTOT HHTEPBAI paBeH -1/2 <
0 < 72 nns cuHyca, TaHTeHCa
KOCEKaHCca; I KOCHHYCa, KOTaHTeHca

U ceKaHca Ucnoap3yiTe naTepBan 0 < 6
< 7.




Each of my examples will ask for the
solution to the trigopnometric equation
on the interval [0, 2z]. Therefore, there
may be multiple answers. Some
instructors will demand that you write
the specific correct answer for each
equation. In other words, although there
may be many angles that solve the
problem, they only accept one or two
answers. This answer falls within a
specific range, and as long as you learn
the appropriate range for each
trigonometric function, you'll be okay.
The best approach is to ask if they'll
require answers on a certain interval or
if they expect only the answer on the
appropriate range.

B xaxxnqom u3 Moux npuMepoB OyAeT
3ampanIuBaThCs PELICHUE
TPUTOHOMETPUUECKOrO YpaBHEHUS HA
untepsaie [0, 2n]. CaemnoBaTenbHO,
OTBETOB MOXET ObITh HECKOJIBKO.
Hexkotopsle npenogasarenu
noTpeOyIOT, YTOOBI BbI HATTUCATU
KOHKPETHBIA ITPABUJIbHBIN OTBET JJIA
KaXXJ10ro ypaBHeHus. [pyrumu
CJIOBaMHU, XOTsI MOXET ObITh MHOTO
TOYEK 3PEHHUS], KOTOPHIE PEILIAOT
3a71a4y, OHU IPUHUMAIOT TOJIBKO OJMH
WJIY JIBa OTBETA. JTOT OTBET MOMaJaeT
B 00JIaCTh OMpe/IeNICHUs, U TIOKa BbI
U3y4aeTe COOTBETCTBYIOIIYIO 00JIaCTh
OIPEACIICHUS IS KaXKI0U
TPUTOHOMETPUUYECKON (YHKIINH, C
BaMH Bce OyneT B nopsiake. Jlydmmmit
MOIXOJ — CIPOCHUTH, TOTPEOYIOTCS U
MM OTBETHI B OINPEICIICHHOM UHTEpBaJie
WJIM OHU OXKUJIAIOT TOJBKO OTBET B
COOTBETCTBYIOIIEH 00J1aCTH
ONIPEIEIICHUS.




